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Charge carrier drift in SolidStateDetectors.jl

1 Parameterisation of the longitudinal charge carrier drift

The charge carrier drift in solid state materials is influenced by the crystal symmetry.
A face-centred cubic crystal lattice is invariant under rotations around any of the three
main crystal axes, (100), (110) and (111). If the electric field points along one of
these axes, also the drift velocity needs to be invariant under these rotations. Hence,
the longitudinal drift velocity for electrons and holes, v, j, drifting along the crystal
axes needs to be aligned with the electric field and is

Ue/h:.ue/hEv (l)

where E = |Z7? | is the electric field strength and p, /i denotes the electron or hole mo-
bility, respectively. On the crystal axes and for small E, u, and u, are scalar constants.

However, for E 2 100 V/cm, the drift velocity does not anymore increase linearly with
the electric field strength and approaches a saturation value. A phenomenological pa-
rameterisation to model the drift velocity was introduced by D.M. Caughey et al. [1]
which was later expanded by adding a negative term by L. Mihailescu et al. [2]:
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Both, 8 and E, are temperature-dependent parameters obtainable from measurements
on electrons and holes along each of the crystal axes, respectively. The term with the
parameter U, accounts for the Gunn effect [3] and is only relevant for electrons.

For germanium, the parameters for Eq. (2) as extracted by fits to experimental data [4]
were measured at a reference temperature of 7y = 78K, see Tab. m While for each
charge carrier type, the drift mobility o does not differ much along the different di-
rections, the parameter 3 varies significantly. For electric fields E < Ej, this results in
U =~ UoE which describes an isotropic movement of the charge carriers along all direc-
tions, 0100 = p!10 = y11  However, for high electric fields with E 2 Ej, the charge
carrier drift becomes anisotropic, v!%0 > v!19 > 1 [5]. This anisotropy is important
for normal detector operation.

Table 1: Literature values for the drift velocity parameters in Eq. (2) for electrons and
holes along the (100) and (111)-direction in germanium at 7o = 78 K, taken from [4].

Charge carrier Direction | g in % Epin Cim B Wy, in %
Electrons (100) 38609 511 0.805 —171
(111) 38536 538 0.641 510
Holes (100) 61824 185 0.942
(111) 61215 182 0.662
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2 Electron drift model as implemented in SolidStateDetectors.jl

If at a given position, 7, the electric field E (¥) is not aligned with any of the crystal
axes, the electron drift velocity, U, does not necessarily need to follow E. Hence, the
electron mobility, u,, needs to be described as a tensor:

Te(F) = He(E(P)) E(7). (3)
Note that the (100), (110) and (111)-directions need to be eigenvectors of u, with
eigenvalues satisfying Eq. (2)).

There are several approaches how to theoretically model U, in germanium. In the drift
model studied by L. Mihailescu et al. [2], the electron drift velocity is described by

() = A (EF) L ——I E@), @)

7\ JEGER)

~~

= .ue(E(?))

where only electrons in the four conduction band minima at the L-points are consid-
ered. Here, &/ is an empirical function which absorbs the dependence on E, ¥; is
the tensor of reciprocal effective electron masses and ';—’ is the fraction of electrons in
the j-th valley. Equation (@) effectively averages the contributions of each conduction
band minimum to the total drift velocity, weighted by the fraction of electrons which
populate the respective minimum.

The charge carrier fraction in the j-th conduction band minimum can be expressed [2]
by introducing an empirical function, %, which scales the deviation from an equal
distribution, 7. The approach from H.G. Reik and H. Risken [6] results in

-— |+ (5)

If the electric field points along the (100) axis, all four conduction band minima are
equally populated, i.e. % = ¢, and contribute equally to U, [[7]]. For other electric field

orientations, the assumption of an equal distribution does not necessarily hold.

The functions </ and % completely define the response of U, to an electric field E.
Thus, the determination of these functions are described in detail for germanium and
silicon within the following subsections.
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2.1 Germanium

In germanium, only the electrons in the four degenerate conduction band minima at the
L-points of the first Brillouin zone are taken into account. The effective masses of the
electrons in these valleys depend on the direction of the electric field and take values
between the transverse effective electron mass, m;T, and the longitudinal effective
electron mass, m: ;- In units of the electron mass, sz = 0.0819 and mZ’L = 1.64 [8].

2.1.1 Determination of y;

For each conduction band minimum j, ¥; can z
be obtained by transforming the reciprocal ef-
fective mass tensor

1/my 7 0 0
%= 0 1m0 =
0 0 1/mig 8

from the local coordinate system x'y'z’ of the .
conduction band minima, with the initial y'- <
axis pointing towards the (111)-direction, to a /
global xyz coordinate system, see Fig. Il The x
transformation consists of two rotations: one  Figure 1: Relation between the lo-
rotation by acos(y/2/3) around the x’-axis to  cal coordinates x'y'7 in the con-
align the y'-axis with the (110) axis and one  duction band minima and the crys-
rotation by @;1¢ around the z-axis to align the  tal coordinate system xyz. The y'-

y’-axis with the y-axis. Mathematically, the ro- axis in the local coordinate system
tations are expressed through rotation matrices is aligned with the (111) axis.

R;= Rx’<acos<\/%)) R (Q110+j7/2),

resulting in reciprocal effective mass tensors of y; = R;l'}/() R;. Using the abbreviations
T=1/m;r,L=1/my;,c;=cos(Pii0+jm/2) and s; = sin(@110 + j7/2) yields

¥ =R;"WR; = R; (pi10+ jm/2) R, (acos(v/2/3)) % Ry (acos(v/2/3)) Ro(rio + j7/2)

cj -s; 0 1 0 0 T 0 O 1 0 0 cj s; 0
=lsi ¢ oflo 2 JillocLoljo i Ji|]| -5 o0
0 0 1|0 /3 +/3 00T ||0 -/ /3 0 0 1
[ T+33L-T) —}cjsi(L—T) —%2s;(L—T)
= | “2e;5(L-T) T+33L-T) Pej(L-T) |, (6)
| -1y o) ATl

where the j-dependence is found in the expressions for ¢; and s;.
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To derive analytical expressions for the empirical functions &/ and %, the y-axis in
the global coordinate system is chosen such that it is aligned with the (110) axis,
i.e. @110 = 0. However, the choice of @1 does not influence the results for <7 or Z.

2.1.2 Determination of &7/

When setting @10 = 0, the direction of an electric field, Eg = E/|E|, along the (100)
axis is given by Ey = [\/1/2,1/1/2,0]. Together with Eq. (6), the term in the denom-
inator in Eq. (4)) for all conduction band minima, j, takes the form

which does not depend on j. As no minimum is favoured over the others, all conduc-
tion band minima are equally populated, i.e. %’ = }l. This results in

4
. E, 1 .
Ve ( Z—] rito ——Zijo.
=" JET.E 4 2r 411 i3
07’10 3 3LJ

Using Yj_ys; =Y ¢; =X} cjsj=0and ¥}_ 57 = ¥}_, ¢; = 2 yields

4 ST+3L 0 0 s 4
Y vi= 0 ST+3L 0 =3T+3L
j=1 0 0 37T+3L

IT+1L 303
X 2 o= 1 00
De(E):%(E) §T+§L 0="7", (E)E
100 100
E E
IT+1L 0

where Ig = /3T + 3L. Using m; 7 = 0.0819 and m | = 1.64 results in Ty = 2.888.
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2.1.3 Determination of #

If @110 = 0, an electric field along the (111) axis is given by Eg = [\/2/3,0,/1/3].
Here, E“g yjl:fo depends on j. One of the minima, j = 1, is aligned with the electric field,
giving Ejy1Eg = L, while the other three, j = 2,3,4, yield Ejy;Eg = ST + LL. This
leads to the fact that one charge carrier fraction, i.e. ’;—1, is different from the other three,
n _

2=18 = “4. Inserting the values for yjf?o and Eg }/]Eo into Eq. (@) andﬁdemanding both
¥, and E( to point towards the (111)-direction, i.e. U,(E) = v!'!(E) Ey, yields

—\/ =T+ -L
o (E
L m_ (E) : 4 1 ’ (8)
n
—/ =T+ =L
VL 9 +9
The result from Eq. (8) is identified with Eq. (3) for the case j = 1, yielding
I
nong mg)@* sT+5L 1
— VL—/3T+1L 4
e ®
(Eo?’lEO) e NG 1
4 I 1 4
_).}. .—» _ n _+3 4
i;(EoYzEO) 12 VL ST4iL
4 3VL+\/§T+gL i) 1 (VL+3,/§T +5L)BVL+/GT +gL)

1
= + =
3 2 J(E 3 2
(\/Z—,/gTJrgL) () <\/Z—,/§T+5L>
=T, =T,

Plugging in the values for m; ; and m; ; results in I'y = —1.182 and I'; = 3.161.

2.2 Silicon

In silicon, the conduction band minima lay along the three degenerate A-directions,
i.e. (100), (010) and (001). The electrons populating the minima have effective masses
between the transverse effective electron mass, m, ; = 0.19, and the longitudinal ef-
fective electron mass, mj 1 = 0.98, with values givén in units of the electron mass [8]].
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2.2.1 Determination of y;

The transformations of ¥ to ¥; are similar to the ones presented for germanium. The
only difference is that the local coordinate system x’y
are chosen such that the initial y’-axis points towards one of the three equivalent A-

directions. With T = l/mZ:T, L= 1/mZ7L, ¢ =cos(@110) and s = sin(@y10), this yields

= 1 "YoR) =

c -s 0

o ﬁy
D= | D=
|

1 00T
I 1T+1L+ T—L)cs (-3T+4L)(?—s?
= (——T—l—lL)(c —s?) 1T—|-1L-|—(L T)cs
0
VZ:Rz WR2 =R, (@110)R; ' (—7/4) Y% R(—7/4) Ro(@110)
i 1 1
c -5 O b 3 O T 0 O
— 1 1
— S c 0 - ) ) 0 O L O
0 0 1 0 0 1 00T
AT+ IL+(L-T)es (AT —3L)(P—5*) 0
T

% =R;'WRy =R; '(p110)R. ' (m/4) R /1(75/2) Y Ry (7/2)

1T+1L+(T Lycs 0
0 T

¢ s 0 ool oo
|5 ¢ 0 \/g%o 0 0 1
00 1| 0 0 -10
i ol e T 0 0
—%\/gO -s ¢ 0| = T
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2.2.2 Determination of .o/

Choosing @119 = 0, an electric field Vector pointing along the (111) axis can be ex-
pressed through Ep = [1/2/3,0,+/1 As in the case for germanium, this yields
Eg YiEo = 3T + 1L for all three ;. As all three minima are equally favoured, all A-

, and

R(m/4)
T 00
0L O
00T

o o
! o
[*5)

R.(¢110)

1 00
0 0 -1
01 0

directions Contrlbute equally to the electron drift and are equally populated, i.e. = -

6

7 of the conduction band minima

_ 1

=3.
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Therefore
3 7 3
B n: v 11 B}
Ue(E):W(E)Z;]#: W(E)g i Y viEo
=1 JElyiEy T+ lLj=
1

= o (E) = — e : (10)

where Ig = /3T 4 3L. Using m; ; = 0.19 and m; ; = 0.98 results in [p = 1.962.

2.2.3 Determination of #

If an electric field along the (100) axis is applied, one conduction band minimum is
favoured over the others. With @19 = 0, an electric field along the (100) axis is given
by Eg = [\/1/_2, \/1/_2, 0]. Thus, the electrons in the minimum aligned with the electric
field vector, j = 1, have the longitudinal effective mass, F?g '}’IEO = L, while the other

two, j = 2,3, have the transverse effective mass, Eg }/JEO = T. This also results in an
unequal population of the minima with electrons, i.e. 7L # "2 = 3 Inserting the values

for }/jﬁo and Eg yjﬁo into Eq. (@) and demanding both ¥, and Ey to point towards the
(100)-direction, i.e. U(E) = v)%(E) E, yields

M”‘M“ﬁ%j%ifﬂwm%ﬁa+%Wﬂ@
= 0%(E) = (E) (" VL+ (1-21) VT)

v/ (E)

_m_ AE) _ﬁ, (11)
n VLT
Plugging the result from Eq. into Eq. (3) for the case j =1 gives
m_ne T 1
H(E) = ——— 11 SR TEST .
(E YIEO) / e VL 1
i(E*%Eo) I AR
_ 3 VT+2VL v"(E) 1(\F+2\/_)(\F+2f)
2(VL-vT)? SE) 2 (VLT 7’
=‘1:1 —Fz

Plugging in the values for m; ;- and m; ; results in I'y = —3.925 and I'; = 7.325.

7


https://github.com/JuliaPhysics/SolidStateDetectors.jl

=\
o) Charge carrier drift in SolidStateDetectors.jl

3 Hole drift model as implemented in SolidStateDetectors.jl

Holes in germanium and silicon populate the valence band maximum at the I'-point.
Thus, in the absence of an electric field, the mean wave vector, 750, of all holes is
expected to be 0. Holes have a slightly higher effective mass when drifting in (111)-
direction compared to all other directions. At the I'-point, there are multiple degenerate
(111)-directions due to the multiplicity of L-points in the first Brillouin zone. Hence,
not only one but multiple directions are equally favoured for the hole drift.

The presence of E changes the mean wave vector to ko # 0, i.e. the k-states are no
longer equiprobable. The hole drift velocity, Uy, is given by averaging the velocity con-
tributions from each k-state. The hole drift model described by B. Bruyneel et al. [9]
considers only heavy holes in the valence band and suggests

(7. T) ! @k @ FEFE)) (12)

- 617'53/21 /2m;‘lthThh

R

where f (%,%o) denotes the wave vector distribution of heavy holes which can be ap-
proximated by a drifted Maxwellian distribution [10] with ko pointing parallel to E:

27 T.\2
f(%,%o) =a-exp (—M> ) (13)

2mzthThh
In both equations, a is a normalisation factor, kp is the Boltzmann constant and 7}, is
the temperature of the heavy holes.

The hole drift velocity, T)(%), associated with a specific k-state is defined by the band
structure of the heavy holes, Ej, (k). In spherical coordinates, k = k(k, 0, @), it is

- 1= . - . 27,2
50) = VE Dl with E@) =4 (1-(0.9)
2
and ¢(0,¢) = \/b2—|- CZ (sin(0)*sin(2¢)2 + sin(20)?) (14)
o - O0E,, 10E,, 1 0E,, Ar’k B
VkEh<k)=a—,j’ek+%aehee+ksin(9) aqf%: = (1-4(6.9)) (15)
- [ﬂ (25in(6)3cos(8)sin(2(p)2+sin(49)) g +sin(0)>sin(4¢) &
SmeCI(ea(p> ° Y

where A, b, ¢ are material-specific parameters, and é, €, €y are the unit vectors in the
local spherical coordinate system. Using d*k = k? sin(0)dkdOde, the integral over k in
Eq. (12)) can be solved analytically, leaving a two-dimensional integral over 6 and ¢.
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When aligning the x-axis with the (100) axis, the hole drift velocity in x-direction, vz ,

can be expressed using spherical coordinates 75(1(, 0,¢) and %o(ko, 60, ¢p), where the
polar and azimuth angle 6y and ¢y are aligned with E(E, 6y, ¢p):

e I (k) 2z n .
vilho) =~ p O/ O/ X(0,9) exp(G(R: — 1)) L (koR) sin(6) dode  (16)

with factors in the integral being

2

= - Ah
X(6.9) = LViEL(0)- = (1 4(6.9) cos(p) sin() (a7
—ﬂ(Zsin(G)%os(G)sin(Z )? +sin(40)) cos(¢) cos(6)
SmeQ(97(P) Y Y
AR

S 8 g S(6) sin(49) sin(p)

R(6,9,6p,09) = k K = sin(6p) sin(O) cos(@ — @p) 4 cos(6p) cos(O)

& ko
B = [ K exp(—(k—0?)dk = g <x2—|— %) (1 +erf(x)) + %(x% 1)exp(—x2).
0

The function n(kp) can be obtained by numerically evaluating the integral in Eq. (16)
in (100)-direction, i.e. by setting 6y = /2 and @y = 0, for different ko:

2n T

(ko) = [ [ X(6,9) expliG(R* ~ 1)) 1y (kuR) sin(6)dode
00

Using an approximation inspired by the warped band structure of the valence band [11]]
and defining the relative difference in radial velocity, A(E), and the relative tangential
velocity, Q(E), as functions of the longitudinal hole-drift velocities along the (100)

and (110) axes, 1)}100 and 1);110, and the transverse hole-drift velocity of the bisector
between the two axes, v/ (0 = %, ¢ = Z):
AE) = S E) =9 E) oE) = WO=50=0E o
/M (E) v (E)

allows to evaluate the three-dimensional integral in Eq. and express Uy, in spherical
coordinates. The functions A(kg) and Q(kp) are obtained by numerically solving the
integral in Eq. (T6)) for different k.
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Along the (110)-direction, i.e. 60 = /2 and ¢y = /4, the contributions from drift
along x- and y-directions are equal, i.e. v} (ko) = V) (ko). Thus, the drift velocity along
the (110)-direction, U}1°(ko) = [0} (ko), U} (ko),0], has the absolute value v, '%(kg) =

V20 (ko). In Eq. (T6), v (ko) = v} '°(ko)/ /2 yields

llO(kO)
IOO(kO)

2t ®
Alko) = 1= 2 B0)
‘Uﬁoo(ko)

/ / X(6,9) exp(R(R? — 1)) I; (koR) sin(0)d0dg

(k3(R*> — 1)) I (koR) sin(6)d6d g

The computation of Q(kp) is more complex. It is obtained by setting 6y = /2 and
@0 = 7/8, and calculating Q(ko) = (- sin(7/8) vV} (ko) +cos(7/8)v; (ko)) /v (ko):

l);;(k()) -
IOO(kO) I’l(

2 ®
1 .
ko) O/O/X(e,fp) exp(kj(R? — 1)) I3 (koR) sin(6)d@de

and v} (ko)/ v % (ko) is calculated accordingly by replacing X(6,¢) with Y (6, @),
i.e. replacing €, with €, in Eq. (I7). The functions A(kg) and Q(ko) define the hole
the drift velocity, using a good approximation which takes a similar form as %kEh (%)
in Eq. (T3). The radial, polar and azimuth components of Uy, result in

v (7) = v %(E (7)) [1 — A(ko)(sin(60)* sin(2¢)* + sin(260)?] (19)
v (7) = v%(E(7)) Q(ko) [25in(6p)> cos(Bp) sin(2¢p)* + sin(46p)] (20)
v) (7) = v, (E(7)) Q(ko) sin(8p)’ sin(4¢y). (21)

This approximation is valid for ky < 3, which corresponds to the electric field strengths
expected in solid state detectors. The quantity kg needs to be linked to a physical
observable, as for example the relative velocity U] = 1)}1 1 / v}}oo. For fast computation,
an analytical function should be determined for this.

In contrast to the original publication from Bruyneel et al. [9], the analytical expres-
sions for A and Q will not be functions of kg but directly depend on v,|. Evaluating
Eq. along the (111) direction results in

4 3
Uéll _ 0}100 [1 — 5/\(}@)} = A(Vpel) = 4_1(1 — Urel) (22)

which is independent of any material-specific parameters present in Eq. (14]).

The expression for Q(vy) is determined by calculating Q(ko) and e (ko) for a set of
ko and fitting the resulting points to a fourth-order polynomial in orders of (1 — vrel)lﬂ

I'This ensures Q(vre; = 1) =0, i.e. no anisotropy in the isotropic case v}} 111 E Vel = 1.

10
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3.1 Germanium

The material-specific parameters needed for Eq. (I4]) are A = 13.35, b = 0.6367 and
¢ =0.9820 [9]. As the computation of the integral in Eq. (I2) is time consuming,
the approximations in Egs. (19) to (2] are used for simulations with SolidStateDetec-
tors.jl. The function Q(vy) is computed for a set of kg and fitted to a fourth-order
polynomial in the region of interest, 0.3 < kg < 1.5, see Fig. Bh:

Q(Vre)) =—0.29711- (1 — V) — 1.12082 - (1 — Vyep)?
+3.83929 - (1 — Vyep)® — 4.80825 - (1 — e )* (23)

3.2 Silicon

In silicon, the material-specific parameters used in Eq. (14) are A = —4.0, b = 0.275
and ¢ = 1.025 [8]. Like for germanium, the function Q(vy) is approximated by a
fourth-order polynomial in the region of interest, 0.3 < kg < 1.5, see Fig. ??a:

Q(Vre1) =—0.30565 - (1 — Vre)) — 1.19650 - (1 — Vyep)?
+4.69001 - (1 — ger)> —7.00635 - (1 — e )* (24)
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Figure 2: Analytical expression for A(vy) for both germanium and silicon.
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Figure 3: Calculated values for Q(kp) in (a) germanium and (b) silicon and correspond-
ing fits to a fourth-order polynomial, see Eqs. (23)) and (24). The values for Q (ko) and
Urel (ko) were calculated for ko from O to 3 in steps of 0.01 and are connected by dashed
lines. The fits are shown by solid lines.
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